Practice Exam 2 — Functional Analysis (WIFA-08)

University of Groningen

Instructions
1. The use of calculators, books, or notes is not allowed.

2. All answers need to be accompanied with an explanation or a calculation: only
answering “yes”, “no”, or “42” is not sufficient.

Problem 1

Let X and Y be Banach spaces. Prove that:
(a) |[(z,y)|lco = max{||z||,|y]|} is @ norm on the Cartesian product X x Y;

(b) (X xY,| - |le) is a Banach space (i.e., every Cauchy sequence is convergent);

(¢) (X xY,||-|loo) is not a Hilbert space.

Problem 2

Let X be Hilbert space with an orthonormal basis {e, : n € N}. Let (\,) be a
bounded sequence in K and consider the following linear operator:

T: X — X, T:E:Z)\n(x,en)en, x e X.

n=1

Prove the following statements:

(a) [IT|] = suppen [Anl;
(b) A, — 0 implies that 7" is compact;
(¢) o(T) =clos{\, : n €N}

Problem 3

(a) Formulate the uniform boundedness principle.
(b) Let X be a Hilbert space, let T': X — X be a linear operator, and assume that
(Tx,y) = (z,Ty) forall z,yeX.
Prove the following statements:
(i) for y # 0 the map f, : X — K defined by f,(z) = (Tz,y)/||y| is linear;
(ii) sup,o | fy(7)] < oo for all z € X;
(iii) 7" is bounded.
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Problem 4

Let X be a normed linear space. For V' C X and Z C X’ nonempty subsets, define
Vi={fe X : f(x)=0forallz € V},
YZ={rxeX: fx)=0forall fec Z}.

Prove the following statements:
(a) 17 is a linear subspace of X;
(b) +Z is closed in X;

(c) ZyCZyC X' =12, Ct7y;
(d) Z c (*+2)*.

End of test (90 points)
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Solution of Problem 1

(a)

(b)

Clearly ||(z,y)|lc > 0. If ||(x,y)]l~c = 0 then both ||z|| = 0 and ||y|| = 0 which
shows that (z,y) = (0,0).

If A € K then
A, 9)lloo = [[(A2, Ay)
= max{[[Az], [[Ay[[}
= max{[A[[[z[], [Allly]|}
= [Afmaxt|lz[], ly[l}
= [Alll(; y) |-
Finally,

Gz, y) + (u,0)lloo = [[(z + 1w,y 4 v)]|oo
= max{|[z + ul], ||y + v[|}
< max{||z|| + [Jull, [[y]l + [lo][}
< max{||z[[, [ly[} + max{{[ul], [lv[|}

= 1, 9)lloo + 1l (1, 0) | oo-

Let (x,,yn) be a Cauchy sequence in X x Y. For each € > 0 there exists N > 0
such that

=  op —xn| <e and |y, —ynl| <e.

This means that (z,) is a Cauchy sequence in X and (y,) is a Cauchy sequence
in Y. Since X and Y are assumed to be Banach spaces there exist x € X and
y € Y such that

|ty — 2zl =0 and |y, —y|| — 0.

This implies that

10, yn) = (@, 9)lloo = (20 = 2,90 = ¥)lloo
= max{||z, — 2| [lyn = yll} = 0.
We conclude that (x,,,y,) has the limit (x,y).
Pick z € X with ||z|| =1 and v € Y with [|v|| = 1, then
1z, 0)lcc =1, [0, 0)[[cc =1, [[(z,0)lo =1, (2, =0)[loc = 1,
which shows that

1(, 0) + (0, v)lI3 + ll(2,0) = (0, v)]1% # 2l|(=, 0)[I2, + 2[1(0, v)[[2-
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Since the parallelogram identity does not hold, it follows that the norm || - ||o
on X x Y is not induced by an inner product. Hence, (X X Y| - |l) is not a
Hilbert space.

Solution of Problem 2

(a) For each x € X we have

17> = " IAal? (2, e0)” < sup [Ma> D [(2, €0)* = sup [An |||,
n—1 neN n—1 neN
which implies that
T
|T|| = sup || < sup Ayl
w0 7|l T nen

Now write K = sup,cy|An|. For each ¢ > 0 there exists N € N such that
|An| > K — e. Hence,
[ Tenl

HeNH = |>\N| > K —«.
Hence we conclude T
|T|| = sup M = sup |\,
0 ||| new

(b) Assume that A, — 0. Define the operator

k
T, : X — X, Tkx:Z)\n(aj,en)en, re X.

n=1

By part (a) it follows that || 7| = max{|A1], ..., |\¢|} so that T} is bounded. In
addition, dimran T, < k < oo. Hence, T} is compact for each k£ € N. Also note
that
|7 = Thl = sup Al
n>k

Let € > 0 be arbitrary. There exists N > 0 such that
n>N = |\|<e¢
= |[T-T,| <e.

This implies that T" is compact as well.

(c) Clearly, each A, is an eigenvalue of 7" with corresponding eigenvector e,,. Hence,
{A\n : n €N} C o(T). Since the spectrum of a linear operator is closed it also
follows that clos {\, : n € N} C o(T).

If A ¢ clos{\, : n € N} then there exists a 6 > 0 such that |\ — A\,| > § for
each n € N. Note that

[e.9]

(T —\)'o = (x,en)en, x€X.
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Hence,

(x,en) 1
(T = N)~'z? = Z‘ A‘2_522|xen = 5l

Hence, (T'— \)~! is bounded so that A € p(T). We conclude that o(T) =
clos{\, : n € N}.

Solution of Problem 3

(a) Let X be a Banach space and let Y be a normed linear space. Let F' C B(X,Y)
and assume that
M={zeX :sup|Tz| < oo}
Ter

is nonmeager. Then the elements T € F' are uniformly bounded:

sup ||T]| < oo.
TeF

(b) (i) The fact that f, : X — K defined by f,(z) = (T'z,y)/|ly|| is a linear map
follows from:

(T(Az + p2),y)
[yl
_ (AT +uTz,y)
[yl
_Mzy) | plTzy)
[yl [yl

= AMy(@) + pfy(2).

£y + pz) =

(ii) Let x € X be arbitrary, then

(T, y)| _ [Tl [yl

< = || 7]
[yl Iyl

|fy(@)] =

This shows that
sup | f,(z)| < o0
y7#0

for all x € X.

(iii) By the uniform boundedness principle it follows that sup, [|f,|| < oc.
Since (Tx,y) = (x,Ty) it follows with z = Ty/||y|| that

7ol _ ( Ty ) ]
AN VA ]

so that
I yll

1T = Sup S SupryH <0

which shows that 7" is bounded.
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Solution of Problem 4
(a) Assume that z,y € 7 and \,u € K. If f € Z, then

fOr +py) = ANf(x) +pf(y) =0,

which implies that Az +puy € +Z as well. This shows that * 7 is a linear subspace
of X.

(b) Assume that z,, € 7 for alln € N and x, — z. If f € Z, then f(z,) = 0 for
all n € N so that

[f@)] = [f(x = 2n) + f(2n)]

=|f
< [f(z = zn)| + | f(2n)]
< [1F1 l2n =[] = 0.

This implies that f(x) = 0 so that z € +Z as well. Hence, -7 is closed in X.

(c) Let z € +Z,, then f(x) = 0 for all f € Z,. Since Z; C Z, it follows that
f(x) =0 for all f € Z;, which means that x € +Z;. Hence, +Z, C 1 7.

(d) If f € Z, then f(z) =0 for all z € +Z. Hence, f € (+2)*.
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